Introduction
Structural operational semantics (SOS) 44] provides a framework to give an operational semantics to programming and speci cation languages. In particular, because of its intuitive appeal and exibility, SOS has found considerable application in the study of the semantics of concurrent processes. SOS generates a labelled transition system, whose states are the closed terms over an algebraic signature, and whose transitions are supplied with labels. The transitions between states are obtained inductively from a transition system speci cation (TSS), which consists of so-called transition rules of the form premises conclusion . A typical example of a transition rule is This column is an excerpt from 2], which gives an overview of recent results in the eld of SOS, with an emphasis on existing formats for TSSs.
BRICS (Basic Each of these formats comes equipped with a rich body of results that are guaranteed to hold for any process calculus whose TSS is within that format.
Over and over again, process calculi such as CCS 40] , CSP 47] , and ACP 11] have been extended with new features, and the TSSs that provide the operational semantics for these process algebras were extended with transition rules to describe these features; see, e.g., 10] for a systematic approach. A question that arises naturally is whether or not the the original and the extended TSS induce the same transitions t a ! t 0 for closed terms t in the original domain. Usually it is desirable that an extension is operationally conservative, meaning that the provable transitions for an original term are the same both in the original and in the extended TSS.
Groote and Vaandrager 34, Thm. 7.6] proposed syntactic restrictions on a TSS, which automatically yield that an extension of this TSS with transition rules that contain fresh function symbols in their sources is operationally conservative. Bol and Groote 18, 33] supplied this conservative extension format with negative premises. Verhoef 49] showed that, under certain conditions, a transition rule in the extension can be allowed to have an original term as its source. D'Argenio and Verhoef 22, 23] 6, 35] settings. Since predicates and negative premises are so pervasive, and often lead to cleaner semantic descriptions for many features and constructs of interest, we deal explicitly with these notions.
The organization of this column is as follows. Sect. 2 gives an overview of the basics of SOS. Sect. 3 presents syntactic constraints to ensure that an extension of a TSS is operationally conservative. Sect. 4 and 5 contain applications of conservative extension in equational speci cation and term rewriting. Sect. 6 nishes with some conclusions.
Structural Operational Semantics
In this section we present the basic notions from process theory that are needed in the remainder of this column.
Labelled Transition Systems
We begin by reviewing the model of labelled transition systems 36, 44] , which are used to express the operational semantics of many process calculi. In what follows, an LTS is often identi ed with its collection of transitions. We trust that the meaning will always be clear from the context.
LTSs describe the operational behaviour of processes in great detail. In order to abstract away from irrelevant information on the way that processes compute, a wealth of notions of behavioural equivalence over the states of an LTS have been studied in the literature on process theory. A systematic investigation of these notions is presented in 28], where van Glabbeek presents the linear time/branching time spectrum. This lattice contains all the known behavioural equivalences over LTSs, ordered by inclusion.
Term Algebras
We start from a countably in nite set Var For a constant a, the term a() is abbreviated to a. By convention, whenever we write a term-like phrase (e.g., f(t; u)), we intend it to be a term (i.e., f is binary).
De nition 2.4 A substitution is a mapping : Var ! ( ). A substitution is closed if it maps each variable to a closed term in T( ). A substitution extends to a mapping from terms to terms as usual; the term (t) is obtained by replacing occurrences of variables x in t by (x).
Transition System Speci cations
We proceed to introduce the main objects of study in the eld of SOS, viz. transition system speci cations.
De nition 2.5 Let be a signature, and let t and t 0 range over ( 
Three-Valued Stable Models
In the presence of negative premises, the meaning of a TSS is sometimes ambiguous. For example, one can express that a transition holds if it does not hold. In order to associate an LTS to each TSS, we use the notion of a (least) three-valued stable model, introduced by Przymusinski 46] in logic programming. A three-valued stable model partitions the collection of transitions into three disjoint sets: the set C of transitions that are certainly true, the set U of transitions for which it is unknown whether or not they are true, and the set F of remaining transitions that are false. 
Guaranteeing Operational Conservative Extension
We start by de ning the notion of a source-dependent variable 25 , 30], which will be an important ingredient of a rule format to ensure that an extension of a TSS is operationally conservative. In order to conclude that an extended TSS is operationally conservative over the original TSS, we need to know that the variables in the original transition rules are source-dependent. In the literature this criterion is sometimes neglected. For example, in 43] an extended TSS is considered in which each transition rule in the extension contains a fresh operator in its source, and from this fact alone it is concluded that the extension is operationally conservative. In general, however, this characteristic is not su cient, as is shown in the next example. Note that the transition rule xP=aP from the example above is not sourcedependent, because its variable x is not.
Thm. 3.4 below, which stems from 25], formulates su cient criteria for a TSS T 0 T 1 to be an operational conservative extension of TSS T 0 . We say that a term in ( 0 1 ) The intuition for the operators in BPA (Act) is formalized by the transition rules in Table 1 from 11], which constitute the TSS for BPA (Act). This TSS de nes transitions t a ! t 0 to express that term t can evolve into term t 0 by the execution of action a 2 Act, and transitions t p to express that term t can terminate successfully. The variables x, x 0 , y, and y 0 in the transition rules range over the collection of closed terms, while the a ranges over Act.
The transition rules for BPA (Act) are source-dependent. For example, consider the third transition rule for sequential composition in Table 1 : The variables x and y are source-dependent, because they occur in the source. Moreover, since x is source-dependent, the premise x a ! x 0 ensures that x 0 is source-dependent. Since the three variables x, x 0 , and y in this transition rule are source-dependent, the transition rule is source-dependent. Tables 1 and 2 , where the transition rules in the latter table capture the operational semantics of the priority operator. This TSS has a unique least three-valued stable model, which does not contain unknown transitions. (This follows from the fact that the TSS is strati able 33, 45] .) The two transition rules for the priority operator in Table 2 contain the fresh function symbol in their sources. So, since the transition rules for BPA (Act) are source-dependent, Thm. 3.4 implies that BPA (Act) is an operational conservative extension of BPA (Act).
Extending the Set of Actions Suppose that Act is extended to a set

Implications for Three-Valued Stable Models
In 25] it was noted that the operational conservative extension notion as formulated in Def. 3.2 implies a conservativity property for three-valued stable models. If an extended TSS is operationally conservative over the original TSS, in the sense of Def. 3.2, and if a three-valued stable model of the extended TSS is restricted to those transitions that have an original term as left-hand side, then the result is a three-valued stable model of the original TSS. 
Applications to Axiomatizations
This section discusses how operational conservative extension can be used to derive that an extension of an axiomatization is so-called axiomatically conservative, or that an axiomatization is complete or !-complete with respect to some behavioural equivalence.
Axiomatic Conservative Extension
De nition 4.1 A (conditional) axiomatization over a signature consists of a set of (conditional) equations, called axioms, of the form t 0 = u 0 ( t 1 = u 1 ; : : : ; t n = u n with t i ; u i 2 ( ) for i = 0; : : : ; n.
An axiomatization gives rise to a binary equality relation = on ( ) thus: if t 0 = u 0 ( t 1 = u 1 ; : : : ; t n = u n is an axiom, and a substitution such that (t i ) = (u i ) for i = 1; : : : ; n, then (t 0 ) = (u 0 ); the relation = is closed under re exivity, symmetry, and transitivity; if f is a function symbol and u = u 0 , then The next theorem from 49] can be used to derive that an extension of an axiomatization is axiomatically conservative. Theorem 4.4 Let be an equivalence relation on T( 0 1 ). Assume axiomatizations E 0 and E 1 over 0 and 0 1 , respectively, such that:
1. E 0 E 1 is sound over T( 0 1 ) modulo ; 2. E 0 is complete over T( 0 ) modulo . Then E 0 E 1 is an axiomatic conservative extension of E 0 .
The idea behind Thm. 4.4 is as follows. Suppose that t = u can be derived from E 0 E 1 for t; u 2 T( 0 ). Soundness of E 0 E 1 (requirement 1) yields t u. Hence, completeness of E 0 (requirement 2) yields that t = u can be derived from E 0 .
Thm. 4.4 is particularly helpful in the case of an operational conservative extension of a TSS. Assume TSSs T 0 and T 1 over signatures 0 and 0 1 , respectively, where T 0 T 1 is an operational conservative extension of T 0 . Moreover, let be an equivalence relation on states in LTSs. Since the states in the LTSs associated with T 0 and T 0 T 1 are closed terms, the equivalence relation carries over to T( 0 ) and T( 0 1 ), respectively.
Owing to operational conservativity, the equivalence relation on T( 0 ) as induced by T 0 agrees with this equivalence relation on T( 0 ) as induced by T 0 T 1 . Applications of Thm. 4.4 in process algebra, in the presence of an operational conservative extension of a TSS, are abundant in the literature; we give a typical example.
Example: Using Thm. 3.4 it is not hard to see that the process algebra ACP 7] is an operational conservative extension of ACP. Baeten, Bergstra, and Klop introduced in op. cit. an axiomatization E 0 that is complete over ACP modulo bisimulation equivalence, and an axiomatization E 0 E 1 that is sound over ACP modulo bisimulation equivalence. Hence, Thm. 4.4 says that E 0 E 1 is an axiomatic conservative extension of E 0 . (In 7] , fteen pages were needed to prove this fact for the more general case of open terms, by means of a term rewriting analysis.)
Completeness of Axiomatizations
The next theorem from 49] can be used to derive that an axiomatization is complete.
Theorem 4.5 Let be an equivalence relation on T( 0 1 ). Assume axiomatizations E 0 and E 1 over 0 and 0 1 , respectively, such that:
1. E 0 E 1 is sound over T( 0 1 ) modulo ; 2. E 0 is complete over T( 0 ) modulo ; 3. for each t 2 T( 0 1 ) there is a t 0 2 T( 0 ) such that t = t 0 can be derived from E 0 E 1 .
Then E 0 E 1 is complete over T( 0 1 ) modulo .
The idea behind Thm. 4.5 is as follows. Let t; u 2 T( 0 1 ) with t u. There exist terms t 0 ; u 0 2 T( 0 ) such that E 0 E 1 proves t = t 0 and u = u 0 (requirement 3). Soundness of E 0 E 1 (requirement 1) yields t t 0 and u u 0 , which together with t u implies t 0 u 0 . Finally, owing to completeness of E 0 over T( 0 ) (requirement 2), we may derive t 0 = u 0 , and thus t = t 0 = u 0 = u.
Thm. 4.5 is particularly helpful in the case of an operational conservative extension of a TSS. Assume TSSs T 0 and T 1 over signatures 0 and 0 1 , respectively, where T 0 T 1 is an operational conservative extension of T 0 . Moreover, let be an equivalence relation on states in LTSs. Since the states in the LTSs associated with T 0 and T 0 T 1 are closed terms, the equivalence relation carries over to T( 0 ) and T( 0 1 ), respectively. Owing to operational conservativity, the equivalence relation on T( 0 ) as induced by T 0 agrees with this equivalence relation on T( 0 ) as induced by T 0 T 1 . Applications of Thm. 4.5 in process algebra, in the presence of an operational conservative extension of a TSS, are abundant in the literature; we give a typical example.
Example: Using Thm. 3.4 it is not hard to see that the process algebra ACP 12] is an operational conservative extension of BPA . Bergstra and Klop presented in op. cit. an axiomatization E 0 that is complete over BPA modulo bisimulation equivalence, and an axiomatization E 0 E 1 that is sound over ACP modulo bisimulation equivalence, and that satis es requirement 3 above. Hence, Thm. 4.5 says that E 0 E 1 is complete over ACP modulo bisimulation equivalence. For the precise proofs of Thm. 4.4 and Thm. 4.5, and for more detailed information such as generalizations of these results to axiomatizations based on inequalities, the reader is referred to 22, 23, 49] .
!-Completeness of Axiomatizations
De nition 4.6 An axiomatization E over a signature is !-complete if an equation t = u with t; u 2 ( ) can be derived from E whenever (t) = (u) can be derived from E for all closed substitutions .
Milner 41] introduced a technique to derive !-completeness of an axiomatization using SOS. The idea is to give a semantics to open (as opposed to closed) terms; in particular, variables need to be incorporated in the transition rules. See, e.g., 1, 29] for further applications of this technique in the realm of process algebra.
The next theorem can be used to derive that an axiomatization is !-complete.
Theorem 4.7 Let be an equivalence relation on ( ). Suppose that for all t; u 2 ( ), t u whenever (t) (u) for all closed substitutions . If E is an axiomatization over such that 1. E is sound over T( ) modulo , and 2. E is complete over ( ) modulo , then E is !-complete.
The idea behind Thm. 4.7 is as follows. Let t; u 2 ( ) and suppose that
Applications to Rewriting
This section discusses how operational conservative extension can be used to derive that an extension of a conditional term rewriting system is so-called rewrite conservative, or that a conditional term rewriting system is ground con uent. Intuitively, a rewrite rule is a directed axiom that can only be applied from left to right. A CTRS induces a binary rewrite relation ! on terms, similar to the way that an axiomatization induces an equality relation on terms (the only di erence is that the rewrite relation is not closed under symmetry), thus:
Rewrite Conservative Extension
if t 0 ! u 0 ( t 1 ! u 1 ; : : : ; t n ! u n is a rewrite rule, and a substitution such that (t i ) ! (u i ) for i = 1; : : : ; n, then (t 0 ) ! (u 0 ); the relation ! is closed under re exivity and transitivity; if f is a function symbol and u ! u 0 , then f(t 1 ; : : : ; t i?1 ; u; t i+1 ; : : : ; t ar (f) ) ! f(t 1 ; : : : ; t i?1 ; u 0 ; t i+1 ; : : : ; t ar(f) ):
The de nition of sum of TSSs (cf. Def. 3.1) applies equally well to CTRSs.
De nition 5.2 Let R 0 and R 1 be CTRSs over signatures 0 and 0 1 , respectively. R 0 R 1 is a rewrite conservative extension of R 0 if every rewrite relation t ! u with t 2 T( 0 ) that can be derived from R 0 R 1 can also be derived from R 0 . The conservative extension theorem for TSSs, Thm. 3.4, applies to CTRSs just as well; see 26] for more details. Note that the de nition of sourcedependent variables in transition rules, Def. 3.3, also applies to rewrite rules (where, in a rewrite rule t 0 ! u 0 ( t 1 ! u 1 ; : : : ; t n ! u n , the expression t 0 ! u 0 is the conclusion and the t i ! u i for i = 1; : : : ; n are the premises). Ground con uence is an important property, for instance, to prove that an axiomatization is complete modulo some behavioural equivalence relation.
The next theorem from 49] can be used to derive that a CTRS is ground con uent. We say that a CTRS R is sound modulo an equivalence relation on T( ) if t ! u implies t u for all t; u 2 T( ).
Theorem 5.5 Let be an equivalence relation on T( 0 1 ). Assume CTRSs R 0 and R 1 over 0 and 0 1 , respectively, such that:
1. R 0 R 1 is sound over T( 0 1 ) modulo ; 2. if t; t 0 2 T( 0 ) with t t 0 , then there is a u 2 T( 0 ) such that t ! u and t 0 ! u can be derived from R 0 ;
3. for each t 2 T( 0 1 ) there is a t 0 2 T( 0 ) such that t ! t 0 can be derived from R 0 R 1 .
Then R 0 R 1 is ground con uent over T( 0 1 ).
The idea behind Thm. 5.5 is as follows. Let t 2 T( 0 1 ) such that t ! t 0 and t ! t 1 can be derived from R 0 R 1 . There exist t 0 0 ; t 0 1 2 T( 0 ) such that t 0 ! t 0 0 and t 1 ! t 0 1 can be derived from R 0 R 1 (requirement 3). Soundness of R 0 R 1 (requirement 1) yields t t 0 t 0 0 and t t 1 t 0 1 , so t 0 0 t 0 1 . Then there exists a u 2 T( 0 ) such that t 0 0 ! u and t 0 1 ! u (requirement 2). Hence, t 0 ! u and t 1 ! u. Thm. 5.5 is particularly helpful in the case of an operational conservative extension of a TSS. Assume TSSs T 0 and T 1 over signatures 0 and 0 1 , respectively, where T 0 T 1 is an operational conservative extension of T 0 . Moreover, let be an equivalence relation on states in LTSs. Since the states in the LTSs associated with T 0 and T 0 T 1 are closed terms, the equivalence relation carries over to T( 0 ) and T( 0 1 ), respectively. Owing to operational conservativity, the equivalence relation on T( 0 ) as induced by T 0 agrees with this equivalence relation on T( 0 ) as induced by T 0 T 1 . Applications of Thm. 5.5, in the presence of an operational conservative extension of a TSS, are abundant in the literature; we give a typical example.
Example: Using Thm. 3.4 it is not hard to see that the process algebra ACP 12] is an operational conservative extension of BPA . Bergstra and Klop presented in op. cit. an (unconditional) CTRS R 0 R 1 for the process algebra ACP, which reduces each closed term in ACP to a closed term in BPA . Moreover, R 0 R 1 is sound over ACP modulo bisimulation equivalence, and it is easily shown that R 0 can reduce bisimilar closed terms in BPA to the same closed term in BPA . Hence, Thm. 4.4 says that R 0 R 1 is ground con uent. (In 12, p. 122 ], an analysis of about 400 cases was needed to prove this fact for the more general case of open terms.) 6 
Conclusion
Operational conservativity of an extension of a TSS can in general be concluded in a straightforward fashion from the syntactic form of the transition rules. Operational conservative extension seems such a natural notion that in the literature this property is often a hidden assumption: its formulation and proof are omitted without justi cation. For example, this happens in the design of process algebras, and in applications of the strategy to prove !-completeness mentioned in Sect. 4.3.
Paying attention to operational conservative extension not only leads to more accurate contemplations on concurrency theory, but is also bene cial in other respects. Namely, operational conservative extension can be applied to derive useful results in the realm of equational reasoning, which are much harder to obtain using more classical term rewriting approaches or customized techniques.
